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Cavity QED Schemes for Controlled Creation of 
Entanglement Between Distant Atoms 
Zbigniew Ficek 
Department of Physics, School of Physical Sciences, The University of Queensland, Brisbane, Australia 4072 
Abstract. We analyse the commonly used adiabatic techniques in the atom-cavity field interaction to controUably entangle 
two distant atoms trapped inside a single-mode optical cavity. Two techniques are considered: the first involves a highly 
detuned cavity from the atomic transition frequencies, and the second involves a near resonant but strongly damped cavity. 
We show that both, the detuning and the cavity damping are needed to obtain the master equation of the collectively interacting 
atoms. We analyse the feasibility of the adiabatic techniques in creation of a long living entanglement and find that the cavity 
damping is more robust for generation of a stationary entanglement between the atoms. The dependence of the stationary 
entanglement on number of excitations in the system and strengths of the couplings of the atoms to the cavity mode is also 
discussed. 
Keywords: Entanglement, Cavity QED 
PACS: 32.80.Qk, 42.50.Fx, 42.50.Dv 
INTRODUCTION 
The preparation of entangled atoms is presently a very active in physics, primarily because of its great importance 
and potential applications in quantum information processing and quantum computation [1, 2]. In most treatments the 
entanglement resulted from the direct interaction between the atoms or has been created by engineering the interaction 
through the couphng of the atoms to the same cavity mode [3,4,5,6,7]. Entanglement between atoms trapped inside 
an optical cavity is usually studied for an idealized model of the atoms located precisely at the antinodes of the cavity 
field. This is a relatively easy task at microwave frequencies and, in fact, detection of entangled atoms have already 
been performed on a beam of Rydberg atoms traversing a superconducting microwave cavity [8]. However, at optical 
frequencies this task may well be hard to achieve as it is rather difficult to locate atoms precisely at antinodes of 
a standing wave of a very short wavelength [9]. Hence as a result, atoms located inside an optical cavity may not 
experience the same couphng strengths to the cavity field. 
MASTER EQUATION OF THE SYSTEM 
The system we consider consists of two atoms (qubits) coupled to a standing-wave cavity mode with the position 
dependent couphng constants g{ri). The atoms are modelled as two-level systems with upper levels |e,), (/ = 1,2), 
lower levels |g,), separated by frequency coo and damped at the rate yby spontaneous emission to modes other than the 
privileged cavity mode. The cavity mode of frequency (Oc is damped with the rate K. The time evolution of the system 
is described by the density operator p, which under the approximation that the cavity mode is strongly detuned from 
the atomic transition frequency and/or strongly damped can be reduced to the density operator of the atoms alone, and 
its time evolution is given by 
dt : /• 15, [s^s^,p^] + /• t Oy \s^s^,p^l + ^  i (r%+r.j) USJPA^I -S^SJPA -PAS^SJ) , (i) 
where 5y is the Kronecker delta function and the parameters 
5 Ig'PA S,gjA g,g*K 
describe the dynamics of the reduced (atomic) system. 
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The operators S^ and S- are the raising and lowering operators of the jth atom, S:- describes its energy, A = cOc - coo 
is the detuning of the cavity-mode frequency from the atomic transition frequency, and rj is the position coordinate of 
the jth atom within the cavity mode. The term 5, describes the frequency shift of the energy levels of the /th atom. The 
collective term Q,y represents the shift in energy separation of the levels of atom / due to its interaction with the atom j 
through the cavity mode. It is an analog of the familiar dipole-dipole interaction between the atoms [2]. The shift of 
the atomic levels can be different for different couphng constants. Thus, the system composed of two identical atoms 
located at different positions inside the cavity mode may behave as a system of two non-identical atoms of unequal 
transition frequencies and unequal damping rates [2]. 
To study the effect of unequal coupling constants on the atomic dynamics, we choose the reference frame such that 
(^ i^ )=gi=go, and girj) =g2=go cos (kru) (3) 
where ru =Z2 — z\ is the distance between the atoms. This choice of the reference frame corresponds to a situation 
where atom 1 is kept exactly at an antinode of the standing wave and the atom 2 is moved through successive nodes 
and antinodes of the standing wave. 
ENTANGLEMENT BETWEEN DISTANT ATOMS 
In order to determine the amount of entanglement between the atoms and its dependence on the position of the atoms 
inside the cavity mode, we use concurrence that is the widely accepted measure of entanglement [10]. In terms of the 
density matrix elements of the two-atom system, the concurrence is given by 
^(0 = 2max{0, |p23(0l - VPUWAMW} , 
where we have used the following notation for the direct-product basis 
|l) = |gl)|g2), |2) = |gl)k2), |3) = h) |g2), |4) = h ) k 2 ) . 
(4) 
(5) 
It is obvious from Eq. (4) that the basic dynamical mechanism for entanglement creation in this system is the one 
photon coherence P23 {t). 
Highly detuned cavity mode with K" = 0 
We first consider the case of a highly detuned cavity mode with K = 0. In this case, the atoms are coupled only 
through the coherent dipole-dipole interaction term and there is no the collective damping. We examine the time 
evolution of "^ and its dependence on rn for the case where the atoms are prepared at / = 0 in the separable state |2), 
that the atom 1 is in the lower level and the atom 2 is in the upper level In this hmit, the concurrence "^ is given by 
^ ( Z ) : 
2 | Q 121 
a 
25 
— sin^ I -at 
a \1 
1 
/sin a/ .-It (6) 
where 7 = ju is the single atom spontaneous emission rate, 5i2 = 5i - §2 is a difference between the single-atom Stark 
shifts, and a = \ / 4 0 ? , + 5?, is the detuned Rabi frequency. 
It is seen that the qualitative features of the transient development of the entanglement depend on whether or not 
5i2 = 0. The concurrence sinusoidally varies with frequency a whose the origin is in the dipole-dipole interaction. The 
most interesting feature of the transient entanglement seen in Fig. 1 is that in the case of unequal coupling constants, 
the initially unentangled system evolves into an entangled state, and remains in this state longer than for the case of 
equal coupling constants. This rather surprising result can be understood in terms of spatial localization of the energy 
induced in the field by the initially excited atom that due to the frequency mismatch, the energy induced by the atom 1 
is not fully absorbed by the atom 2, leading to a partial spatial delocalization of the photon at some discrete times. 
Consequently, at these times a partial entanglement is observed. The entanglement vanishes every time the excitation 
returns to its initial state, i.e. when it returns to atom 2. 
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FIGURE 1. Concurrence as a function of time t and the position ri2 of the atom 2 between two successive nodes of the standing 
wave cavity field. The atom 1 is at an antinode of the standing wave. The system is initially in the product state |2) = \gi )\e2) and 
is damped with the rate 7 = 0 . 1 . 
Detuned and strongly damped cavity mode, fc ^  A, 7 
We now consider the case of a strongly damped cavity, K > A, 7. In this limit, there is a contribution to the atomic 
dynamics from the collective damping term jij. This leads to a significant modification of the time evolution of the 
entanglement. To show this, we use the master equation (1) and find that with the initial state |2), the time evolution 
of the concurrence is given by 
^(0 = 2glg2 si -g2e-(g?+^)/3^ -gi •2e-ifel+^)(l-'")/3f+g2g-i(g2+^)(l+m)/3fl (7) 
where u = A/K and /3 = K/(if2/4 + A2). The concurrence for the initial state |3) is obtained from Eq. (7) by 
changing g i ^ g 2 . 
Figures 2 and 3 show the time evolution of the entanglement and its dependence on the position of the atom 2 inside 
the cavity mode. The most interesting feature is that the entanglement decays to a non-zero stationary state which 
depends on the initial state of the system. One can see from the figures that the stationary entanglement can be larger 
for positions of the atom different from the antinode of the cavity mode. Again, this effect can be explained in terms 
of the frequency shift of the atomic levels that leads to the frequency mismatch resulting to a spatial delocalization of 
the photon. 
SUMMARY 
We have investigated the mechanism involved in creation of entanglement between distant atoms coupled to a single-
mode cavity field. We have used the commonly used adiabatic approximations of a large detuning of the cavity mode 
from the atomic transition frequencies and a near resonant but strongly damped cavity mode. Effectively, we have 
shown that the strongly damped cavity is more robust for generation of a stationary entanglement between the atoms 
which, surprisely also depends on the initial state of the system. We have investigated the effect of a variation of the 
couphng constant g{r) with the location of the atoms in a standing-wave cavity mode on the degree of entanglement 
between the atoms and have found that in the case of unequal couping constants, a better entanglement can be created 
than that predicted for the case of equal couphng constants. 
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FIGURE 2. Concurrence as a function of time t and the position ri2 of the atom 2 between two successive nodes of the standing 
wave cavity field. The atom 1 is at an antinode of the standing wave. The system is initially in the state |2) = |gi)|e2), 7 = 0 and 
A / K : = 3 0 . 
FIGURE 3. The same as in Figure 2, but the system is initially in the state |3) = |ei) |g2)-
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